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Abstract. We introduce grand Morrey spaces and establish the boundedness of Hardy- 
Q ! Littlewood maximal, Calderon-Zygmund and potential operators in these spaces. In our case 

CN I the operators and grand Morrey spaces are defined on quasi-metric measure spaces with dou- 

'^ I bling measure. The results are new even for Euclidean spaces. 
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Introduction 

In the paper we introduce the grand Morrey spaces L^)'^'-** and derive the boundedness of a 
v^ ' class of integral operators (Hardy-Littlewood maximal functions, Calderon-Zygmund singular 

QQ ■ integrals and potentials) in these spaces. We study the boundedness problem in the frame of 

quasi-metric measure spaces with doubling measure but the results are new even for Euclidean 
h^^ . spaces. 

O I The classical grand Lebesgue spaces L^-* were introduced in the paper by T. Iwaniec and C. 

Sbordone [I9] when they studied the problem of the integrability of the Jacobian J(/, x) of the 

order preserving mapping / = (/i, ■ ■ ■ , /„) : f2 — > R" under minimal hypothesis, where ^2 is a 

. bounded domain in M" and n> 2. 

rr^ [ Later the generalized grand lebesgue spaces L^^'^ appeared in the paper by L. Greco, T. 

5^ I Iwaniec and C. Sbordone ^17J, where the existence and uniqueness of the nonhomogeneous n- 

harmonic equation div A{x, Vm) = fi were established. 

Structural properties of these spaces were investigated in the papers [TT], [13], [1] etc. 
A. Fiorenza, B. Gupta and P. Jain [12] proved the boundedness of the Hardy-Littlewood 
maximal operator defined on an interval in weighted L^^ space, while the same problem for the 
Hilbert transform and other singular integrals were studied in the papers [22], |20] . 

The Morrey spaces L^'^, which were introduced by C. Morrey in 1938 (see [26]) in order to 
study regularity questions which appear in the calculus of variations, describe local regularity 
more precisely than Lebesgue spaces and widely use not only harmonic analysis but also partial 
differential equations (c.f. [15], [16]). 

For essential properties of L^'^ spaces and the boundedness of maximal, fractional and 
singular operators in these spaces we refer to the papers [T], [27], [S], [Z], [2H], [E], etc. 

Finally we mention that necessary and sufficient conditions for the boundedness of maximal 
operators and Riesz potentials in the local Morrey-type spaces were derived in [2], [3]. 



> 



O 



1 Preliminaries 

Let X := {X,p,fi) be a topological space with a complete measure /x such that the space of 
compactly supported continuous functions is dense in L^ {X, /i) and there exists a non-negative 
real-valued function (quasi-metric) d on X x X satisfying the conditions: 

(i) p(x, y) = a and only ii x = y; 

(ii) there exists a constant ai > 0, such that p{x, y) < ai{p{x, z) + p{z, y)) for all x, y, z E X; 

(iii) there exists a constant oq > 0, such that p{x, y) < aQp{y, x) for all x, y, G X. 

We assume that the balls B{x,r) := {y E X : p{x,y) < r} are measurable and < 
p{B{x,r)) < oo for all a; G X and r > 0; for every neighborhood V oi x E X, there exists 
r > 0, such that B{x,r) C V. Throughout the paper we also suppose that p{x} = and that 



B{x,R)\B{x,r) 7^0 
for all a; G X, positive r and R with < r < R < d, where 

d := diam (X) = sup{p{x,y) : x,y E X}. 
Throughout the paper we suppose that d < oo and that the doubling condition 



(1.1) 



p{B{x,2r)) <cp{B{x,r)) 

for p is satisfied, where the positive constant c does not depend on x G X and r > 0. In 
this case the triple {X,d,p) is called a space of homogeneous type (SHT). For the definition, 
examples and some properties of an SHT see, e.g., monographs [29], [6]. 

A quasi-metric measure space, where the doubling condition is not assumed is called a 
non-homogeneous space. 

Notice that the condition d < oo implies that p{X) < oo because every ball in X has a 
finite measure. 

We say that the measure p is upper Ahlfors Q- regular if there is a positive constant ci 
such that pB{x,r) < cir'^ for for all x G X and r > 0. Further, p is lower Ahlfors q— regular 
if there is a positive constant C2 such that pB{x, r) > C2r'^ for all a: G X and r > 0. 

Let 1 < p < cx), 61 > and < A < 1. We denote by LP^'^'^{X,p) the class of those 
/ : X — )■ M for which the norm 



lp).9.^(x,m) = sup sup 

0<e<p-l xeX 
0<r<d 



{p{B{x,r)y 



\f{y)r'dp{y) 



B{x,r) 



is finite. 

If A = 0, then Lp^'^''^{X, p) is the grand lebesgue space defined on X and denoted by 
LP)'^(X,/i). Further, if ^ = 1, then we use the symbol LP^'^{X,p) instead of Lp^'^'^{X, p). 

Using Holder's inequality it is easy to see that the following embeddings hold for L^^'^ spaces 
(see also [12], HZ]): 

L'i{X,p) C LPj''^{X,p) C LPj''%X,p) C Li~'{X,p), 

where < e < p — 1 and 9i < 62- 

The classical Morrey space, denoted by L^''^(X, /x), is defined by the norm 



LP'>'(X,ix) = sup 
0<r<d 



1 



{p{B{x,r)y 



\f{y)\''dp{y) 



B{x,r) 



Finally we mention that constants (often different constants in the same series of inequal- 
ities) will generally be denoted by c or C . By the symbol p' we denote the conjugate number 
of p, i.e. p' := ^Y) 1 < p < c>o. 

2 Maximal Operator in Grand Morrey Spaces 

In this section we prove the boundedness of the Hardy-Littlewood maximal operator 
(M/)(x)= sup ] f \f{y)\dii{y), xeX, 

0<r<d B(x,r) 

in LP^'^'^{X,ij,). 

Our main theorem in this section is the following statement: 

Theorem 2.1. Let 1 < p < oo, ^ > and let < X < 1. Suppose that d < oo. Then the 
Hardy-Littlewood maximal operator M is hounded in Lp^'^''^(X, fi). 

To prove Theorem 2.1 we need some auxiliary statements. 

Proposition 2.1. Let 1 < p < oo. Then there is a positive constant cq non-depending on 
p such that 

\\Mf\\L.ix,,)<co{p')'\\f\\Lnx,,) (2.1) 



Proof. The proof follows directly from the Marcinkiewicz interpolation theorem. The constant 
Co arises from the appropriate covering lemma (see, e. g., [8], p. 29). D 

Let us denote by L^''*'(X, /x) the classical Morrey space, where 1 < p < oo and < A < 1, 
which is the class of all /i-measurable functions / for which the norm 



LP'^{X,tj.) = sup 
x£X 
0<r<d 



{lJiB{x,r)Y 



\f{y)\''d^^{y) 



B{x,r) 



is finite. If A = 0, then LP'^(X,/i) = LP{X,fi). 

Proposition 2.2. Let I < p < oo and let < \ < I. Then 

||M/|U„.(x,^) < (b'/Pco ip')' + l) \\f\\L..Hx,,) 



holds, where the positive constant b arises in the doubling condition for fi and cq is the constant 
from (2.1). 

Proof. Let r be a small positive number and let us represent / as follows: 

f = fl + /2, 

where /i = / ■ XB{x,ar), f2 = f — fi and a is the positive constant given by a = ai(ai(ao + 1) + 1) 
(here ao and ai are constants arisen in the triangle inequality for the quasi-metric p). 
We have 



1 



(liB{x,r)y 



{Mfny)dfxiy) 



B(x,r) 



< 



{ljB{x,r)y 



\^ 



iMf,ny)dfiiy) 



B{x,r) 



J 



+ 



1 



{l2B{x,r)y 



\ 



i/p 



{Mhny)d^i{y) 



B{x,r) 



--: Ji(x,r) + J2{x,r). 



J 



By applying Proposition 2.1 we have that 

Ji{x,r) < 



i/p 



{fiB{x,r))^/P 



{MfMfdM 



\x 



<co{p')H^^B{x,r)r^/^\ J \fiy)rdi,{y) 

\B{x,ar) 



\ 



1/p 



< Cobp{p')p\\f\\LP,X(^x,t^), 



I 



where Cq is the constant from (2.1) and h arises from the inequahty 

fiB{x,ar) < bfiB{x,r) 

which is a consequence of the doubhng condition. Further, observe that (see also [23], p. 23) if 
y G B{x, r), then B{x, r) C B{y, ai{ao + l)r) C B{x,a,r). Hence, ii y E B{x, r), then 



Mf2{y)< sup — — 

B{x,r)cB K^) 



\f{y)W{y)- 



Consequently, 



i/p 



J2{x,r) < ii{B{x,r)) p sup I ^^. 

B(x,r)cB \ /^l-DJ 



<snpi^,B)-'/P^J\fiy)\Pd^^iy) 



i/p 



\fiy)fdKy) 



LV'^(X,^i)- 



\B 



Taking into account the estimates for Ji{x,r) and J2(x,r) we conclude that 



/ 



V 



fi{B{x,r))^ 



\ 



i/p 



iMfiy)rdix{y) 



<{cob'/'{pT^' + l)\\f\\Lp.Hx,,y 



B{x,r) 



J 



n 



Proof of Theorem 2.1. It is obvious that 



1I^/|Ilp).«.^(x,m) =inax< sup sup 

0<e<(T xeX 
0<r<d 



( 



\ 



{l2B{x,r)y 



\ P-e 



iMfiy)r-^dM 



( 



sup sup 

cr<£<p— 1 x^X 
0<r<d 



V 



{l2B{x,r)y 



B{x,r) 
1 



{Mfiy)r-^dfxiy) 



B(x,r) 



J 



J 



--: max {Ai, A2} . 



We begin to estimate A2. Using the facts that sup ep-^ = p — 1, -^ > -^ (when 

(j<e<p—l 



a < e < p — 1) and Holder's inequahty we have that 

A2= sup e^\\Mf\\LP-eA(x,^,) 

cr<e<p—l 



sup Ep-^ sup {fiB{x,r))p . 
cr<e<p-i xex \ fiB[x,r 

0<r<d \ B{x,r) 



{Mf{y)r-^dfi{y) 



( 



< sup EP-^ sup {fiB{x,r)) p- 



cT<e<p—l xGX 

0<r<d 



V 



fiB(x,r) 



V 

J 



1 



{Mf{y)Y-'^dM 



B{x,r) 



1 

p — a 



J 



< \ sup EP- 

\,CF<£<p—l 



( 



sup {^B{x,r))p- 

xex 

0<r<d 



V 



nB{x,r) 



\ 



{Mf{y)r"-dM 



B(x,r) 



J 



p-CT 1 



J 



( 



1-A 9 e 



< (p — 1) sup (/xi?(a;, r))p-<'o' p-'^o-p-o 



0<r<d 



V 



fiB(x,r) 



\- 



iMfiy)y-'^dfi{y) 



B{x,r) 



J 



{p — 1) a^p^ sup 



a 



U 



xex I fiB{x,r 

0<r<d \ B{x,r) 



\- 



{Mfiy)r^dfiiy) 



J 



e 







<(p_l)V ^ sup £^||M/||i.-...(^,^). 
0<e<o- 



Hence, by using Proposition 2.2 we find that 



\\Mf\\LP)A(x,^^) <P(^ "-^ sup ep--||M/||ip-s.A(jf^^) 

0<e<o- 



< CqP • a p-" sup hp-^ 

0<e<o- 



p — £ \ P-= 



p — E — 1 



< Cop ■ a p- 



sup bp- 

0<e<cr 



p — £ 



^p — E — l^ 

Since o" is sufficiently small, we have that the expression 



^''-'\\J\\LP--•HX,^^) 



LP).^(X,/i)- 



is finite. 
In fact. 



Sp^cT := Copa p-"^ sup hp-^ {{p — e)')p-^ + 1 

0<e<o- L 



5'p,a < copa p-'^bp-" [{p - a)' + 1] . 



Finally, 



ll^/llLrtAA(x,^) < ( ^ Jnf _^ Sp,^ ) \\f\\LP),o,x(^x,^,)■ 
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3 Calderon-Zygmund Operators in Grand Morrey Spaces 

Let 

Tf{x) =p.v. / k{x,y)f{y)dfx{y), 

X 

where k : X x X \{{x,x) : x G X} — )■ R be a measurable function satisfying the conditions: 

\k{x,y)\<—— --, x,yeX, x ^ y; 

I^B{x,p{x,y)) 

\k{xi,y) - k{x2,y)\ + \k{y,xi) - k{y,X2)\ < cu\^t^ 



^ p{x2,y) J iJ,B{x2,p{x2,y)) 

for all xi,X2 and y with p{x2,y) > cp(x, X2), where w is a positive non-decreasing function 
on (0,00) which satisfies the A2 condition: u{2t) < cuj{t) (t > 0); and the Dini condition: 

j;{uj{t)/t)dt< 00. 

We also assume that for some constant po, 1 < pq < cxd, and all / G LP^^X^p) the limit 
Tf{x) exists almost everywhere on X and that T is bounded in U'°[X,ii). 

For simplicity we will assume that po = 2. We call T the Calderon-Zygmund operator. 

Lemma 3.1. Let T he the Calderon-Zygmund operator. Then there is a positive constant 
c non-depending on p such that the following estimates hold: 

||T|Up(x,m)^Lp(X,m) < c ( ^3Y + Y^j ' 1< P < 2, 

||T||lp(x,m)^lp(x,m) <c\p+ ^^J > P > 2. 

Proof. Since T has weak (1, 1) and strong (2, 2) types the Marcinkiwicz interpolation theorem 
(see, e. g., J8J, p. 29) we have that 

/ 2p Ao Ap Af \ p 

||T|Up(x,mHlp(x,m) < \JZ:\^^ + Y~p^^) \\j\\LKx,fA^ 1< p < 2, 

where Aq is the constant arisen in the weak (1, 1) type inequality for T and Ai is the constant 
from the strong (2, 2) type inequality for T. Observe now that 



2p A, , 4p Al ] "' ^ 1^ f^_\ '/' ^4^ /^ (^_\ ''' A\'' 

\p-l) dP-^)IP V2-P/ c(p-2)/p 



+ 



p-l cP-^ 2p cP 



<c| - + - — . , 

^p-l 2-pJ 



where the positive constant c does not depend on p. 

Let now p > 2. By using the above-mentioned arguments we have that 



Til IIT"" II <r^ 

, Wlp^lp — Ik Wlp'-^Lp' — 



p' p' 



p' - 1 2 - p' 



Proposition 3.1. Let \ <p < oo, < A < 1. Then 

II^||lp.^(X,^) < c 



p p n — A + 1 



JO - 1 2 - p 1 - A 



\T\ 



LP'^{X,fi) 



< c 



p — 2 1 — A 



c{ p + 



p 



p-2 



, l<p<2, 
, p>2. 
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Proof. Let us take small r > and x E X. Represent / as follows: / = /i + /2, where 
/i = / ■ XB{x,2air), /2 = f — fi, where ai is the constant from the triangle inequality for the 
quasi-metric p. Observe that if y G B{x,r) and z G X\B{x,2air), then 



fiB{x,p{x,z)) < cfiB{y,p{y,z)). 
Inequality (3.1) follows from the estimates 

pB{x,p{x,z)) < cipB{x,p{y,z)) < C2pB{y, p{y, z)). 
To show the first part of (3.2) observe that 



(3.i; 



(3.2) 



p{x, z) < aip(x, y) + aip{y, z) < air + aip{y, z) < 



p{x,z) 



aip{y,z) 



Hence, ^^^ < p{y, z). Now by the doubling condition we have the first part of (3.2). 

The second part of (3.2) follows easily. 

Recall now that the doubling condition for p implies the reverse doubling condition for p: 
there one constants < a, /3 < 1 such that for all x G X and small positive r, 



pB{x,ar) < f3pB{x,r) 



(3.3) 



Let us take an integer mo so that a"^°d is sufficiently small, where d is the diameter of X. 
Let y G B{x,r). Then by (3.1) and Fubini's theorem we have that 



\Tf2{y)\<c 



\f{z)\{pB{x,z)) dp{z 



X\B(x,2a-i_r) 



( 



<cp j 1/(^)1 

X\B{x,2air) 



I {pB{x, p{x,t)) ^dp{t) I dp{z) 

\p{x,a"^Op(x,z))\B{x,a"^0-'^p{x,z)) 



<cp I ipBix,pix,t)))-^\ J \fiz)\dpiz) 

X\B(x,2a"'0-'^air) \B{x,a^-'^o p(x,t)) 



dp(t) 



<c / {iJ,B{x,p{x,t))) ^f{x,t)dij,{t), 

X\B{x,2a"^o-T-air) 



where 



f{x,t) := [/.i?(a;,ai-™V)]-' j \f{z)\dfi{z). 

B(x,a^-"^Op(x,t)) 

Observe that by Holder's inequahty the following estimates hold: 

f{x,t) <fxB{x,a "'°p{x,t))'' \\f\\LP{B{x,a^-"^Op{x,t))\\XB{x,a^-"^Op{x,t))\\LP'{X) 
< c{pB{x,a^''^°p{x,t)yp\\f\\LP(B(x,a^~"^Op(x,t)) 



<c{pB{x,a'-"'^^pix,z))—\\f\\L..^^x,p)- 

By applying now Lemma 1.2 of [23] (see also the monograph ^. p. 372) we find that for 
y e B{x,r), 

\Tf2iy)\ < c||/|U.,.(x,M) / [fxB{x,a'-"'°pix,t))]'^-'dp{t) 

X\B{x,2a^-"^0air) 

A-1 

<c[/i5(x,2a^-™0air)]"^ 



c- — ^^ [^5(x,2ai-'"«ai 
1 — A 



A-l 1 

_P 

A-l 
P 

A-l 

r 1 1 p 



LP'>'{X,p) 



LP'^{X,p)) 



where the positive constant c does not depend on A and p. 
Consequently, by Lemma 3.1 we find that 



(/iS(x,r))-^ j \Tf{y)\^dp{y) 

B(x,r) 



1/P / \ p 

<(/i5(x,r))-VH I \Th{y)?dp{y) 

\i(x,T) ) 



( 



+ {pB{x,r))-^/P 



\ 



+c 



< c ■ Cp{pB{x,r)) p 

P - A + 1 
1-A 



\TMy)\Pdf^{y) 

\Bix,r) j 

I V 

/ \f{y)\'dp{y) 

\S(a:,2air) J 

{pB{x, 2a^"'"°air)) ^ ipB{x, 2air))p 



x{pB{x,r)) p\\f\\LP:^x,p) 



< \ C-Cp + C- _ 



p- \ + l 



LP'>^iX,tj.) - c I Cp H 1_ )^ 



LP'>^{X,fj.), 



where the constant c > does not depend on p and A, and 



c 






Observe that the constant c does not depend on A and p. D 

Theorem 3.1. Let 1 < p < oo, ^ > and let < X < 1. Then the operator T is bounded 
mLP)'^'^(X,/i). 

Proof. We have 



\\Tf\\ 



£^p),»,A(jS(^„) = max < sup sup 

' 0<e<(T xeX 
0<r<d 



/ 



V 



{l2B{x,r)y 



\Tf\ 



p~e 



B{x,r) 



1 

p-£ 



/ 



sup sup 

cr<e<p—l xGX 
0<r<d 



V 



{l2B{x,r)y 



\Tfr 



B{x,r) 



1 

p-e 



/ 



=: max{Ai, A2}, 



where o" is the number satisfying the condition < a < p — 1. 

Now we estimate A2. By applying Holder's inequality we find that 

A2= sup €P--\\Tf\\LP~.,x^x,^,)= sup ep--fi{B{x,r)) p-{fiB{x,r))p- 

cr<£<p— 1 (T<£<p— 1 



/ 



X 



V 



fj,B{x,r) 



\Tf\ 



p~e 



B{x,r) 



1 

p-£ 



/ 



< sup ep-^{fiB{x,r))p-^ 

a<e<p—l 



( \- 



V 



/ 



Further, without loss of generality we can assume that /u(X) = 1 and, consequently, 

l-A 1-A 

{fi{B{x,r))p-^ < {fiB{x,r))p-'^ . Hence, 

A2<{p- l)V"i^ sup e~\\Tf\\LP-e,x(^x,t,)- 

0<e<a 

Hence, by Proposition 3.1 we conclude that 



\\Tf\\LP).0.^{X,f^)< {p-lYcTP-+l sup eP--\\Tf\\LP-eA(x,f,) 
L -I 0<£<o- 



< 



(p-l)V P-+1 sup Cp^X,eeP-^\\f\\LP-^A(x,,.) 
-I 0<e<o- 



{p — lYa P-'^ + I sup Cp,A,e sup 

o<£<o- xex 

0<r<d 



{fMB{x,r)y 



\fiy)r^dfiiy) 



B{x,r) 



1 



< 



(p - ifa p-" + 1 



LP)'0,^{X,n) sup Cp,A,e, 
0<e<cr 



where 



a 



l<p<2 



p,X,e 



p— £— A+1 I p— £ I p— £ 
1-A "•" p-£-l ^ 2-p+£' 



1-A 



p-£-2' 



Observe now that 



p-A+l I p-a 



sup Cp,A,£ < S p-A+l I ■ p-cr 
0<£<o- 



1— A p— cr— 1 2— n' -f^ ' 



p— cr 



1— A p— CT— 1 p— 0-— 2' 



p>2, 



where a is sufficiently smaU. 
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4 Fractional integrals in grand Morrey spaces 

4.1 Potentials (4/)(x) = / ^;^^dii{y) 

Let an SHT (X, p, /i) satisfy the condition: there are positive constants h and 7 such that 

fxB{x,r) <br^, (4.1) 

for all a: G X and r, < r < d, i.e. /i is upper 7— Ahlfors regular. As before we assume that 
d = diam{X) < 00. 
Let 



X 



p{x,y) 



7— a 



where < a < 7. 

In this section we study the boundedness of la in grand Morrey spaces. For this we define 
the classical Morrey space as follows: / G £P''^(X, /i) (1 < p < 00, < A < -) if 



£p.^(x,M) ■= sup I —^ 

0<r<d \ B{x,r) 



\ 



1/p 



IfivWdfiiv) 



< 00 



/ 



Further, let y? be a positive function in {0,p — 1) which is increasing near and satisfies the 
condition v?(0+) = 0. We say that / G £P)''^()'^(X,/i) if 



CP)M-)A(x,ii) = sup sup 

o<£<p-i xex 

0<r<d 



( 

^7A 
\ B{x,r) 



\ 



IfTdfi 



< 00. 



Let 6' be a positive number. If cp{e) = e\ then we denote £P)''^(-)'^(X,/i) =: £P)'^'^(X,/i). 
For = 1 we have the grand Morrey space Cp^'^{X, fi). 

Let 

{Mf)ix)= sup — / \fiy)\dfx{y), x E X. 

0<r<d B(x,r) 

We begin with the following statement: 

Proposition 4.1. Let 1 < p < oo and /et < A < 1. Then 

I|-M/IIl.,^(X,.) < {{apC,{py + l) ||/|k.,.(x,;.) 

holds, where cq 25 i/ie constant from (2.1) and a = ai(ai(ao + 1) + 1). 
Proof. Since Aif{x) < Mf{x), by Proposition 2.1 we have that 

||A^||lp(X,m)->Lp(X,m) < co{p'Y/P. 

Repeating the proof of Proposition 2.2 we have the desired result. D 

Lemma 4.1. Let 1 < p < oo, < a < ^^^, J - ^ = JT^^ '^^ere < A < I/7. Then 
the inequality 

holds, where the positive constant c{p, a, X,'y) is given by 

and the positive constant c does not depend on p and a. 

Proof. First we show that the Hedberg's [18] type inequality holds: 

|(/a/)(x)| < c,,,,,AMfy-^^^{x)\\f\\^^^^^, (4.2) 

where Cp,A,7,a = ^((fliy^l'Lp)) • ^o prove (4.2) we set 

fr{x):=^ J \f{y)\dfi{y). 

B{x,r) 

The inequality 

2p(a:,?/) 

p{x,y)<2 j t^-^-'dt, 0<p{x,y)<l, (4.3) 

is obvious. By using (4.3) we find that 

/ 2p(x,j/) \ 



\{U){x)\<2 \f{y)\ 



f^-^-^dt 



^ \p{^,y) ) 



dix{y) 



2d I \ 2d 

2y" t°-^-i y \f{y)W{y) dt <2 j t'^-y,{x)dt. 

\<p{x,y)<t I 



Taking e > (which will be chosen later) we have that 



\{U){x)\<2 



2d 



e-yt{x)dt+ / e-yt{x)dt 



--: 2 



j{e) 



jr{x) + jr{x) 



(e), 



It is obvious that 



jI'\x) < {Mf){x) I r-^dt 



{Mf){x)^^ 



a 



Further, by Holder's inequality and condition (4.1) it is clear that 



/ 



ft{x) = - / \f{y)W{y)< 



\ 



B(x,t) 



\ B{x,t) 



\fiy)\'dfi{y) 



I 



( 



_ 7 I V). 
t V V 



I \f{y)\''dM\ 



1 

\ B{x,r) j 

By applying the condition ^^7 + a < we find that 



|/(t/)rrf/i(y) I <t-"+^||j||,:.,.(x,,). 



l(/./)(:^)l<2 
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= 2 



{Mj){x) ^^ e- 



-7+a 



a 



Let e 



II/I|£P.^(X,m) 

(Mf)(x) 



V 
(1-A)7 



. Then 

\{U){x)\<2 
1 



a + ^^7 



a 



CP'^{X,pi) 



(l->>)7 



a 



(A-l)7 



P 



'L.:^lx,,)iMfrTT^ix) 



\l-i 



a ap + {X — 1)7 
, (1 - A)7 



^^JMfY i^ix) 



«((l-A)7-..)-"-(i^^)(^^)""^(^)- 



Consequently, by the condition = ^_"^x and Proposition 4.1 we have that 



^ J liUMl^df^iy) 

B{x,t) 



2(1 -A)7 



a{{l — A)7 — ap) 

2(1 -A)7 
a;((l — A)7 — ap) 



{Mf{y)) 



^[l-TT^ 



{1-A)7 



\d^{y) 



B(x,t) 



(1-A)7 



9 



^-yX 



(MfiyyrdM 



B{x,t) 



ap 



£P'^{X,^) 



< 



2(1 -A)7 U..SUP/, 



ii-^/r.;'^(x,.)ii/iii^i.)- 



a [(1 — A)7 — ap] 
( recall that \\Mf\\cP,x^x,,^) < ((a)^Co (p')^ + 1 



£P.^(X,/.), 



< 



2(1 -A)7 



< 



a[(l — A)7 — ap] 

(1 - A)7 
a[{l — A)7 — ap] 

(1-A)7 



_ At- ,1 \P/9 

(a) pco(p)^ +1) ||/||£P.A(x,^) 



A7 



< 



a[(l — A)7 — ap] 
(1-A)7 



<c 



a[{l — A)7 — ap] 



Cor/^(a)-(p')'/' + l;ilJII/:-Mx,,) 
(co(a)^^(p')^/^ + l)ll/IU.^^(x,,) 



D 



1 1 



Theorem 4.1. Let Let 1 < p < oo, < a < -^^-y^, < A < I/7 ancf /et - .^_^^ . 

Suppose that 61 > 0. We set 



Oo 



1 



ag 



(1-A)7. 
Then the operator L^ is bounded from C^^'^'^'^(X, fi) to C^'^'^'^{X, jj,). 

Proof. Let us introduce the function: 



V{u) 



p 



(l-A)(»-g)7 
(1- A)7-a(M-g) 



^ 7(l->')-("-g)Q 
(1-A)7 



Observe that 



(y9(t) ~t^+(i->>)7, as t ->0 + . 
Hence it is enough to prove that /^ is bounded from C^^'^^''^(X, fi) to C'^^''^^'^'^{X, fi), where 

Let 0" be a small positive number. As in the proofs of the main theorems of previous sections 
we have 



|4/||o.^,A(x,^) =max< sup sup 



0<e<cr xeX 
0<r<d 



ij{e) 



\LJix)r'dfiix] 



B(x,t) 



sup sup — ^ 

0<r<d B{x,r) 



<3-e 



U{y)r'dM] =:max{Ai,A2}. 



For A2, we observe that 



B{x,r) 



1 



< sup (^(£))^t^^ i / |/«/(l/)r-^c//i(l/) 
o-<e<g-l I t' J 

B{x,r) 



1 

9-e 



/ 



< (by Holder's inequality and the fact that a < e) 



< sup {ip{e))i- 

jj<£<q—l 



sup {i{j{e))i- 

a<e<q—l 



(1-A)7 7 



\ 



|4/(t/)r-'^rf/x(i/) 



\B{x,t) 



J 



( 



i,{cy) 



< 



sup ■ip{e)i-^ 

jT<e<q—l 



/ 



\ 



i4/(t/)r-'^rf/i(i/) 



/ 



V'M 



9-'' sup sup 

0<e<o- xeX 
0<t<d 



^A7 
\ B(x,t) 



\ 



\U{y)r''dfi{y) 



J 



Further, applying Lemma 4.1, for e satisfying the condition < e < a, we have 



^A7 
V B{x,t) 



\ 



\IJ{y)r^dM 



He) 



I 



( 

1 



\U{y)rHix{y) 



1 



< (^(5))- sup ^ y \lj{y)r^dii{y) 



( 



a 



. where = 

\ p — 1] q — £ (1 — A)7 



(1 - A)7 



^ a[{l - X)-f - a{p - T])] 



p — 1] 
p — 1] — 1 



+ 1 i'i£)'-'\\f\\cP-v,^{X,,,) 



1 _ «! 



< ilj{e)^--r] p-vc{p - 7], a, \)r]v-n \\j\\cP-r,,^(x,t,) 
observe that when a is small, then r] is also small positive number; recall also that 



ipiu) = p + 

1 9i 

and ilj{e)<i-^ri p-v = 1 
Hence, 



(l-A)(L-g)7 
(1 - A)7-a(M-g) 



7(i-^)-("-';)a 



< 



sup c(p — rj, a, A) 

0<»7<o-i 



£P)'''i'^(X,^) 



where 



\^af\\Li)'02,>^(X,fi) 



c{p — ri,a, A) = c- 



< 



sup c(p — 1], a, A) 

.0<»;<cri 



/;p).ei.^(X,At)' 



:i - A)7 



p — 1] 
p — 1] — 1 



^ a[{l - X)-f - a{p - T])] 

c is the constant independent of p,ri and a; o"i is a small positive number. Observe that if 
0"i is sufficiently small, then (1 — A)7 — a{p ~ i]) > rjQ > 0, ^~^^ < p' + 1 for some r]Q when 
<r] <ai. D 



4.2 Potential (r./)(x) = / -^^-^l^d^(^) 
Let 



(T./)(x) 



X 



fxB{x,p{x,y)) 



YZ^dfi{y), < a < 1. 



Suppose that instead of condition (4.1) of the previous section the following conditions hold: 
(i) 

fi{x} = 0, for all X E X] 



pB{x, t) is continuous in t for every x & X. (4-4) 

For example, (4.4) holds if fi{y G X : p{x, y) = t} = for arbitrary x E X and t G [0, d). 
We say that / G LP)'^(-)'^(X,/i) if 



/ 



LP)M-)A(X,ti) '■— sup sup 
0<e<p-l xeX 
0<r<d 



vie) 



V 



fiB{x,r) 



\ 



i/p 



IfivWdM 



B(x,r) 



< oo, < A < 1, 



/ 



where (/? is a positive function in {0,p — 1) which is increasing near and satisfies the condition 
V9(0+) = 0. If (/9(e) = e^, where ^ is a positive number, then we denote Lp^''^^'^''^(X, /x) by 
LP^'^'\X,fi). 

Our aim in this section is to prove the next statement: 



Theorem 5.1. let 1 < p < oo, < a < ^-^, < A < 1 and let 



1 1 _ a 



Y^. Let 9i be a 



positive number. We set 



02 = ei(i + - 



aq 



X 



Then the operator T^ is bounded from L^^'^^'^(X, fi) to L'^^'^'^''^{X,ii). 

To prove Theorem 5.1 we need the foUowing lemma 

Lemma 5.1. Let 1 < p < oo, < a < ^— ^, - — - = -^ where < A < 1. Then the 
inequality 

||^a/||L9,A(x,^) < c(p,a,A)||/||ip,A(x,^) 

holds, where 

c(p, a, A) = c (C„ + ^-^-^) [(p')^/^ + 1] 

and the positive constant c does not depend on p and a. 

Proof. Following the idea of Hedberg [18] and taking into account the proof of (4.2) we have 
that 



1-A 



where 



and 



We set 



|T„/(a;)| < c(p, A,a)(M/)^-— (x),„ „^„,(^_^^, 

P 



(4.5) 



c{p, A, a) = Ca + 



1 — X — ap 



{Mf){x) = sup 



0<r<d B{x,r) 



f{x,t):-- 



/^^l^'"? 'b(..e<^' 



\fiy)\dM- 



\f{y)\dM, 



where a is the constant between and 1. In fact a is the constant from the reverse doubling 
condition (3.3) (we use the symbol a instead of a). 
Observe that 



\Iaf{x)\<hj \f{y)\ 

X 



I 



jj,B{x,p{x,t))°' djj,{t) 



ap(x,y)<p{x,t)<p(x,y) 



dKy), 



where b is the constant depending on f3 from (3.3) 
Hence, 

/ 



\Iaf{x)\<bf fiB{x,p{x,t)) 



a-2 



\ 



\fiy)My) 



V 



Blx 



p(x,t)-' 



dn{t) 



J 



<boj pB{x,pix,t)r-'f{t,x)dfiit), 

X 

where 6o is the positive constant which does not depend on p, a and A. 



We take e > which will be chosen later. Then 



\U{x)\<bo 



fiB{x, p{x, t)Y''f{t, x)dfi{t) 



B{x,e) 



+ I fxB{x,p{x,t))''-^f{t,x)dfx{t) 

X\B{x,e) 

It is easy to see that (see also [9], p. 348) 



--■.bo[J^'\x,t) + J^'\x,t)]. 



J^^\x, t) < Mf{x) / fxB{x, p{x, t)Y-^dp{t) < c^Mf{x)fiB{x, e)' 

B{x,e) 



where the positive constant Ca depends only on a. 
Further, by Holder's inequality we find that 



/ 



fit,x)< 



f^B (x, ^ 
Besides this, by the inequality 



\^ 



\f{t)yd^i{t) 



V 



B{x 



p(x,t)' 



uB X, — — — 
a 



J 



pB{x, p{x,t))°' p dp{t) < cpB{x,e 

X\B{x,e) 

(see Proposition 6.1.2 of [9j) we obtain that 



\Uix)\<bo 



LP'^{X,fi) 



Cc,Mf{x)pB{x,eY + 



pB{x, p{x,t))°' p dp{t) 



\x\B(x,e) 



J 



bo 



c„(M/)(x)/i5(x,e)" + Cp,A,a/i5(x,e)"+ p \\f\\LP^x(^x,^^) 



where the positive constant Ca depends only on a and the positive constant CpXa is given by 
Cp,A,a = i^x^a ' ^0 docs uot depend on p, a and A. 

Now we take (recall that pB{x,e) is continuous in e) 



pB{x,e) 



ll/l 



LP'^(X,/^) 



Mf{x) 



Consequently, 



\Iafix)\ < Ca 



P 



ap 



ap 



l + Xj "•^ ^^LP:^{X,^^) 



AMff-^^{x). 



Using the condition - — - = j^ and Proposition 2.2 we find that 



/ 



V 



1 

pB{x,r) 



\ 



1/9 



\Iaf{x)\'^dp{x) 



B{x,r) 



J 



<l2B{x,r)-^/Uca 



p 



ap — 1 + X 



{Mf{y)) 



'iV-^\ 



dfi{y) 



B{x,r) 



C/-y 



P 



ap — 1 + \ 

< i Ca- 



fiB{x,r)^/'> 



{Mf{y)rd^{y) 



P 



B{x,r) 



\\Mf\\] 



ap- 1 + Ay "'■'•' "Lp.^iX'^^)^^■' iii'^'M^.M) 



< c. 



ap 



^^) ^ob' [{pr^^ + 1] 



LP,^{X,fM)- 



ap 



LP.^{X,^i) 



ap 

LP'^{X,ti) 



n 



Proof of Theorem 5.1. By using Lemma 5.1 and repeating the arguments of the proof of 
Theorem 4.1 we conclude that Theorem 5.1 holds. Details are omitted. D 
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